cient of t k in the rational function The existence (or nonexistence) of low rank vector bundles on the projective n-space has been intriguing to many mathematicians ( [BH] , [E1] , [EHS] , [H2] , [H3] , [Ho] , [HM] , [KPR] , [LV] , [OSS] , [T] , [V] , [Z] ). For n ≥ 4, the only known bundles of rank r < n, besides the Horrocks-Mumford bundle (of rank 2 on P 4 ) [HM] , and the Horrocks bundle (of rank 3 on P 5 ) [Ho] , are the null-correlation bundles [OSS] , and Tango's example of rank n − 1 indecomposable bundles on P n [T] . A nullcorrelation bundle is the quotient of Ω Pn (2) by O Pn , for n odd. Tango's example is the quotient of Ω n−2 Pn (n − 1) by the right number of sections. Here, Ω Pn is the cotangent bundle, and Ω n−2 Pn is its (n − 2)nd exterior power. The idea behind the construction of the null-correlation bundle and Tango's example is very simple: for a globally generated bundle of rank r ≥ n, and with trivial top Chern class, its quotient by r − n + 1 sections is a vector bundle. This same idea was also used in [C] to characterize Buchsbaum bundles. Along these lines, a natural question to ask is Does Ω
Problem. Find a geometric argument to show that Ω p
Pn (p + 1) is positive (zero). Our method does not give an immediate answer to the question. Our approach is to estimate the coefficients of the Chern polynomial of Ω p Pn (p + 1). Recall that the Chern polynomial is the polynomial whose coefficient of t k is the kth Chern class. It is multiplicative for exact sequences [H1] .
We use the Koszul resolution of Ω 
Therefore the kth Chern class of Ω p (p + 1) is the coefficient of t k in the rational function
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use SOME COMBINATORICS OF BINOMIAL COEFFICIENTS
977
(
Our idea is to write (2) as a product of power series with positive coefficients. Therefore, we first give a criterion for the coefficient of t k in
(1 + at)
to be positive (Proposition 2). Then we apply the criterion to as many factors as possible in the numerator in (2).
Note that when a = 1, (3) is
and the criterion takes care of the beginning quotient in (2) and (2 ). This argument works for p ≤ n 2 , when the binomial coefficient n k as a function of k, is increasing for k ≤ p. The ideal situation is when there are not enough factors in the denominator in (2), i.e. when, as a function of k, n k is concave up. So, in order to apply Proposition 2 we multiply the deficit to both the denominator and the numerator. Hence we end up with a product of rational functions (3), with a = 1, 3, 5, · · · , p−1, and nonnegative powers of (1+2t), (1+4t), · · · see expressions (10), (11) and (13) . However, n k is concave down for
√ n and the denominator does have unused powers of (1 + (p − k + 1)t) for k in this range. So we give a criterion for the positivity of the coefficient of t k in the "left-over" from function (3).
(1 + a i t)
to take care of the negative powers of (1 + 2t), (1 + 4t), · · · see expression (13) .
For p > n 2 , we note that if
Dualizing exact sequence (1) and twisting by O Pn−1 (1), we get
Hence, if
Hence the kth Chern class of
License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use is the coefficient of t k in the rational function
(for q even),
(for q odd). We call this the negative case, (because of the negative coefficients in the factors) and the case for p ≤ n 2 the positive case. In some sense, the negative case is the dual of the positive case. However, one result does not follow immediately from the other.
Similar to the criteria for the positivity of the coefficients of t k in the rational functions (3) and (4), we have criteria for those in
Note again that in (7), when a = 1, this is
We need it for the beginning quotient in (6) and (6 ).
The paper is organized in the following way:
In Section 1, we treat the positive case. In Section 2, we treat the negative case. We use [r] for the largest integer n such that n ≤ r.
Acknowledgements. The author would like to thank L. Ein, S. Nollet, and Z. Ran for helpful communications.
The positive case
In this section we first give criteria for the positivity of the coefficients of t k in the rational functions (3) and (4). Then we use them to prove the positivity for function (2), and outline the difference for (2 ).
Then we have the following properties
Proof. (i) and (ii) are obvious.
Since the value of a does not play any role in our argument, we write the case a = 1 here for simpler notation.
Property (iii) follows from the following identity
Proof. It is by induction. Here we give the details of the steps to show where the hypothesis comes from. We use the notation as in Lemma 1.
. . . − 2i,N,k) , where the possible pairs of (N ,k) are
After i steps, c(M, N, k) is a linear combination of c(M
Our goal is to do reduction until a term hasN ork equal 0 (ork equal 1, if k is odd), then we put it in the "positive number" term and continue applying Lemma 1 (iii) to the other terms. So in this situation, we say ( * ) After i steps, c (M, N, k) is the sum of a positive number and a linear combination of c(M − 2i,N,k). and discuss the possible (N ,k).
Note that c(M − k, N, 0) was put in the "positive number" term.
Again, c(M − 2N, 0, k) and c(M − 2N, i, 0) are put in the "positive number" term.
Finally, another i − 1 step reduce those not in "positive number" term to
To assure all steps work, the condition is
, an odd number. The steps are the same. In ( * ), "positive number" is replaced by "nonnegative number". However, at least one of them i.e. c(M − 2N, 0, k) is positive. To be sure that we have nonnegative coefficients put in the "nonnegative number" term at the ith step, we want
The argument is similar. We outline the case when k is even here. After N steps, the possible (
It is clear that N − 1 more steps finish the proof and the condition is
Remark 2.1. To use this proposition, when M, k are given we take N = [
]. Therefore
works for all k ≤ n − 1.
Lemma 3. Let c(M, N, k) be the coefficient of t
Then we have the following
Proof of (iii). This follows from
Proof. This is similar, but simpler than the proof of Proposition 2. We use the language as in ( * ).
After k steps, we get to c (M − k,N,k), with (N ,k) .
The last k − 1 steps finish the proof. The case k > N is similar.
Proposition 5. The coefficient of t k is positive in
is at least that in
(see Remark 5.1 for reasons). For k > 1, this follows from Proposition 4. For k = 1, it is because
As in the proof of Lemma 3, we write
By induction, the coefficient of t k is at least that in
By the notation in Lemma 3, this is
The initial step is either Proposition 4 or Lemma 3(i) and hypothesis.
Theorem 6. The coefficient of t
is positive for n ≥ 2p + 1 and p ≥ 3.
Proof. First we assume p is even. Then our rational function is expression (2).
To use Remark 2.1, we define
Then expression (2) becomes
where
We define
Note that
where ε ∈ {0, 1, 2}.
It is clear that there is an even integer p 0 < n 2 such that E(r) ≥ 0 if and only if r ≤ p 0 .
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If p − 2 ≤ p 0 , then P (t) is a polynomial and we are done. Otherwise, using our new notation, (11) becomes
According to Proposition 5, the condition for the coefficient of t k in P (t) to be positive for k ≤ n − 1 is
According to (9) and (12), it suffices to show
The next lemma and simplification reduce it further to
For n ≥ 2p + 1 and p ≥ 6, the left hand side is at least
For p = 6 and n = 13, one checks inequality (16) directly. The case p odd is similar. Instead of (14), (16), (17) we have
when n ≥ 2p + 1, p ≥ 7 (hence n ≥ 15).
For p = 3 (respectively 4, 5), we check that inequality (14) or (14 ) holds for n ≥ 10 (resp. 10, 11), and the remaining few cases directly from (2).
Lemma 7. (i) Let p be even, then
(ii) Let p be odd, then
Proof of (i). The left hand side is
r−1 to simplify the above expression, we conclude the proof. The proof of (ii) is identical.
The next theorem takes care of the cases p = 1 and p = 2.
Theorem 8. The coefficient of t
Proof. (i) The positivity follows from Lemma 1 and Proposition 2 (for a = 1). Another way to look at this rational function is as the product
c(n) = 0 if and only if n is even.
(ii) Proposition 2 implies that (1+t) ( n 2 ) (1+2t) n has positive coefficient of t k for k ≤ n − 1, if n ≥ 7. The remaining cases are easy to check by hand.
The negative case
We first give criteria for the positivity of the coefficient of t k in rational functions (7) and (8). Then we prove this for (6) and outline the difference for (6 ).
Lemma 9. Let c(N, M, k) be the coefficient of
Then we have the following properties
(iii) As before, since the reasoning is the same, we write the case a = 1 for easier reading.
(1 − 2t)
We will use induction. First, we notice that if N, M, k satisfy assumption (18), then so do N − s − 1, M − 2s, k − 2. Now, we check the initial step in the induction.
Both satisfy the inequalities. The induction argument is identical to the two cases above.
Remark 10.1. To optimize the use of this proposition, when N, k are given, we take
and when M, k are given, we take
Proof. This is because
(1 − at)
and both terms in the right hand side have positive coefficients in their expansions.
Proposition 12. The coefficient of t
Proof. It suffices to show that the positivity of the coefficients of
Here a = max{a i }, and b = min{b j }. This follows from the following two facts.
Assuming that
(1−at)
is positive for n ≥ 2q + 2 and q ≥ 4.
Proof. (i) For q ≥ 6 even, our rational function is expression (6). We want to write the function as a product of rational functions with positive coefficient for t i for i ≤ k. Most of these functions are in the form of (7). So we apply Remark 10.1 to as many factors in the denominator of (6) as possible. We define
P 2 (t) has positive coefficients because of Lemma 14.
For the positivity of P 1 (t), we define
Then there is an even integer q 0 such that q 0 < If q − 2 ≤ q 0 , then P 1 (t) is of the form 1 (1−ait) n i and we are done. If q − 2 > q 0 and q ≥ 6, then
According to Proposition 12, the condition for the positivity of
According to (19) and (21), it suffices to show 2 n r − n r − 1 − n r + 1
Using Lemma 15 (i), we see that it suffices to show
Since q − 1 ≤ n 2 , on the left hand side of the inequality the largest binomial coefficient is n q−1 . It suffices to replace the left hand side by
(ii) For p ≥ 7, odd, we replace (6) by (6 ), and (20), (22), (23), (24), (25), (27) and (28) by
where 
For q = 7, we check directly that inequality (27 ) holds for n ≥ 16.
(iii) For q = 4, we write (6) as
Here N = n 3 + 4 n + 1. Proposition 10 and Lemma 11 imply positive coefficients for n ≥ 11. For n = 10, one can easily check by hand.
For q = 5, we write (6 ) as
N2
(1 − t) ( (1−t) ( n 2 )
(1−2t) (1−3) .
